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Let S be a locally compact space and C(S) the space of all continuous 
complex-valued functions on S. Let M,(S) be the vector space of complex 
measures on S which have compact support and suppose M,(S) is endowed 
with a barreled topology which is stronger than o(M,(S), C(S)). 
An example of such a topology may be obtained as follows: For each 
compact KC S let M(S, K) denote the Banach space2 of measures in M,(S) 
with support contained in K. Then the inductive limit of the topologies of 
the spaces M(S, K) (KC S, K compact) is barreled3 and stronger than 
+4(S)9 W)). 
We suppose below that 8 is a subset of M,(S), G and H are mappings of 
9 into M,(S), and (p, v) + pv is a mapping of 9 x H(9) into M,(S) such 
that : 
(1) 9 separates C(S); 
(2) for each v E H(9) there is a continuous mapping s --, v, of S into 
M,(S) such that 
for each f E C(S) and p E 9; 
(3) G(Y) 3 2’. 
We say that x E C(S) is a cha~ucter if: 
(4) x+0; 
(5) .f x &WV) = J-x 4 J-x d(Gv) 
for each TV E Y and v E 9’. 
1 This paper is part of the author’s University of Illinois thesis (June, 1967) which 
was supported in part by Army Research Office Contract DA-31-124-ARO-D-288. 
* The norm on M(S, K) is defined by 
II P II = SUP {I p(f) I I llf II Q 1,f e C(S)1 
forpEM(S,K). 
3 See Corollary 2 to Proposition 2, Chapter III, Section 2 of [l]. 
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We denote by E the set of all such characters. For every positive locally 
bounded function r on S define 
E(r) = ix I x E E, I x(S) I < ~(4 for s E S>. 
THEOREM. E(r) is locally compact for the topology of uniform convergence 
on compact parts of S. 
PROOF.~ For each compact KC S let 2’(K) be the Banach space spanned 
by 8 n M(S, K); let 
9s = u {P(K) / KC S, K compact} 
be endowed with the topology which is the inductive limit of the topologies of 
the spaces Y(K) (KC S, K compact). Then Z0 is a barreled space.3 
Letj : E(r) --f 9; be the injection defined by 
hi(X)> = j X dp 
for p E 9s . Endow 9; with the topology ~(2’; , go). Since t is locally bounded, 
the set j(E(r)) is bounded in 9; , and hence is relatively compact.6 
Thus the conclusion of the theorem will follow if we show that: 
(a) j is a homeomorphism of E(r) onto j(E(r)); 
(b) j(E(r)) u (0) is closed. 
Clearly j is continuous. Let 9 C E(r) be a directed set such that j(9) 
converges to some x’ E 9; . If x’ f 0 there is h E 9 such that X’(h) f: 0; 
by (3) we may suppose that h = G(V) f or some v E 9. We may assume without 
loss of generality that 
<Gu, j(x)> > c = 4 I WW I 
for all x E 9. 
We now show that 9 is an equicontinuous family of functions on S: 
Let i : E(r) -+ M,(S)’ denote the injection defined by 
b i(X)> = j X dp9 P E ~c(S). 
Since Y is locally bounded, the set i(E(r)) is bounded in (A&(S)‘, a(M,(S)‘, 
M,(S))), and hence is equicontinuous.s 
4 This proof was suggested by a reading of an unpublished manuscript by C. Ionescu 
Tulcea. 
5 See Theorem 1, Chapter IV, Section 2 of [l]. 
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Now for each ,y E 3 and TV E dip we have by (2) 
j (j x ~4) 444 = j x ww = j x(4 W) j x dGv, 
hence by (1) 
that is 
1 
X(s) = (Gv, j(x)) ((Hv)~ , ‘(X)) 
for each x E .F. Sincelthe mapping s -+ (Hv)~ is continuous and the set i(s) 
is equicontinuous, we conclude that 9 is an equicontinuous part of C(S). 
Since F is pointwise bounded we may apply the Ascoli theorem and con- 
clude that F is relatively compact in C(S) for the topology of uniform 
convergence on compact parts of S. 
By the definition of character, E(r) u (0) is closed in this topology. Using 
the continuity of j it is easily shown that 3 converges to some x0 E E(Y) 
and that X’(p) = jxO dp for each p E PO . Both (a) and (b) follow at once. 
Our result generalizes two previous results which can be found in [3] and 
[4] (see also [2], p. 97). In [3] (p. 1765) both G and H are the identity 
mappings. In [4] (p. 6), H is the transpose of an operator (on C(S)) of the 
formf+a(foa)+b(fo/3) h w ere a and b are constants and (Y and /I 
are measure preserving homeomorphisms of S (there is a particular measure); 
G is the transpose of an operator of the formf -+ g( f o 9)) where v is a measure 
preserving homeomorphism, and g E C(S) does not take on the value zero. 
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